We discuss the effect of local type non-Gaussianity on the abundance of primordial black holes based on the peak theory. It is explicitly shown that the value of non-linear parameter |f NL | ∼ 1 induces a similar effect to a few factors of difference in the amplitude of the power spectrum.
Typical peak profile with local non-Gaussianity
In this article, we consider the spatial metric given by
and now we assume that the reference spatial metricγ ij is flat, and that the curvature perturbation ζ is given by the following form with the local type non-Gaussianity:
where the brackets denote the ensemble average, and ζ G is the random Gaussian distribution with the power spectrum P(k) defined by
whereζ G (k) is the Fourier transform of ζ G . Note that we follow the same sign convention of ζ as [33, 58] , so the negative sign of the non-linear term in (2) keeps f NL consistent with the conventional definition, e.g. adopted in the Planck 2018 report on non-Gaussianity [59] . Let us focus on a high peak of ζ G . Here we assume that all peaks of ζ G are peaks of ζ. The validity of this assumption is discussed in Appendix A. According to the peak theory [35] , for a high peak at r = 0, we obtain the probability distribution for the spherical profile of ζ G (r) as follows:
where µ and k * are respectively the amplitude and the curvature scale of the Gaussian peak:
The meanζ G (r) and the variance σ ζ are respectively given as
with
In the above, σ n is a n-th order gradient moment for ζ G defined by
As in (2), here, the non-Gaussian curvature perturbation ζ is explicitly given as a function of ζ G . Then, by using (4), we can derive the typical profileζ(r; µ, k * ) for ζ(r) as
3 General expression for the PBH fraction
Hereafter the calculations are mostly implicit and can be numerically done in general, and the basic procedure of the calculations are shown in [33] . Thus, we just give a sketch of the implicit calculations with some details being given in Appendix B). We consider that the criterion for PBH formation is given in terms of the so-called compaction function C, which is defined as the mass excess at a certain region. As shown Appendix B, C can be written as a function of ζ. PBH would be formed when the maximum value of the compaction function, C max , is larger than a threshold C th . Evaluating (B.2) with respect to the typical profileζ, we may obtain the value of r m , at which the compaction function takes the maximum value C max , as a function of µ and k * . That is, r m =r m (µ, k * ) where an overbar means it is evaluated by usingζ, which is a function of µ and k * . Then, C max can be also expressed as a function of µ and k * as C max =C max (µ, k * ). Note thatr m andC max depend on the non-linear parameter f NL through the non-Gaussian correction in the typical profileζ as shown in (11) . By identifyingC max (µ, k * ) as the threshold value C th ≈ 0.267, we define the threshold µ th as a function of k * :
We may also regard the PBH mass M, which is defined by r m [see (B.4) in Appendix B], as a function of µ and k * by identifying r m =r m (µ, k * ) and ζ =ζ(r m ; µ, k * ):
Then, eliminating k * from the above two equations, the threshold value of µ th is given as a function of the PBH mass M:
and this would be modified by the non-Gaussian effect. As will be shown later, in particular, for the case with the extended power spectrum we may have a minimum value of µ for a fixed value of M. Let the function µ min (M) denote this minimum value. Then, the relevant region of µ for PBH formation with the mass M is given by
Since the parameters µ and k * are based on the Gaussian random variable, we can use the standard expression for the peak number density:
where the function f and the probability P 1 are given by
Further, since the direct observable is not k * but the PBH mass M, we change the variable from k * to M as follows:
where k * should be regarded as a function of µ and M as in (13) . By counting the number of peaks whose µ is larger than the threshold value µ b , we can evaluate the number density of PBHs as
We also note that the scale factor a is a function of M as shown in (B.4). Then, the fraction of PBHs to the total density β 0 d log M can be given by
where M eq and k eq are respectively corresponding to the formed PBH mass and the comoving wave number reentering the horizon, at the matter radiation equality.
Effect of local non-Gaussianity on PBH abundance
Given the general expression for the PBH abundance (21), now we employ explicit examples with specific power spectra and investigate the effect of the local non-Gaussianity on the abundance of PBHs.
Monochromatic power spectrum
Let us consider the monochromatic power spectrum given by
For this case, gradient moments are explicitly calculated as σ 2 n = σ 2 0 k 2n 0 . Then, replacing k * by k 0 in (7), we find
where ψ is calculated from (9) . Since the value of k * is fixed to be k * = k 0 , we do not have k * dependence forr m ,C max , µ th andM . The value of µ th is converted into the threshold value of M th through the functionM (µ), i.e. M th =M(µ th ). Through the non-Gaussian correction in the typical profileζ, as mentioned in the previous section,r m ,C max and alsoM are dependent on f NL . Figure 1 shows the non-Gaussian effects onr m ,C max andM as functions of the peak amplitude µ. Here, we take σ 0 = 0.06 and in each panel the blue, red, and green lines are respectively for the Gaussian case, i.e. f NL = 0, 3f NL /5 = 1 and 3f NL /5 = −1/4. In the panel forC max , the yellow horizontal line represents the threshold for PBH formation. The dashed lines in the panel forM are also the thresholds with respect to M. Here, F NL ≡ 3f NL /5 for notational simplicity.
Since the probability distribution P 1 is given by
the peak number density can be written as
Changing the variable from µ to M through the function M =M (µ), and taking the threshold value M th into account, we obtain the following expression for the PBH number density:
where µ should be regarded as a function of M through the relation M =M(µ). Finally, we obtain
Note that the functional form of this expression is completely the same as (80) in [33] . The non-Gaussian correction in β 0 appears just through the modifications of M th and the value of µ at M th . The PBH fraction β 0 for 3f NL /5 = −1/4, 0 and 1 is depicted as a function of M with σ 0 = 0.06 and k 0 = 10 5 k eq in Figure 2 . As can be seen, for larger f NL the cut-off scale for PBH mass is shifted to smaller value. This is due to the smaller M th for larger f NL as shown in the right panel in Figure 1 . Furthermore, the peak value of the PBH fraction β 0 increases with increasing the value of f NL . This is due to the fact that the value of µ at M = M th becomes smaller for larger value of f NL , as can be seen in the right panel in Figure 1 . 
Extended power spectrum
Let us consider the simple extended power spectrum given by
For this case, the functional form of ψ(r) is given by
The dependence of r m (µ, k * ),C max (µ, k * ) andM (µ, k * ) on k * and µ is shown in Figure 3 for σ = 0.1 and 3f NL /5 = 1.
As we have mentioned, for the extended power spectrum, we find that the maximum value of M is realized at k * = 0 for each µ. Therefore, for a given value of M, the minimum value of µ min is given by µ min (M) = µ(M, 0) .
Thus, in the estimation of the PBH fraction, we should take into account the relevant region of µ with the mass M given by (15) . The dependence of µ b (M) on different values of f NL is shown in the left panel in Figure 4 . The resultant PBH fraction β 0 for the extended power spectrum is depicted as a function of M in the right panel of Figure 4 . 
Summary
We have discussed the effect of the local type non-Gaussianity on the PBH abundance. Our procedure is based on the peak theory for the Gaussian variable ζ G , which is related to the non-Gaussian curvature perturbation ζ via (2), which is the simplest type of non-Gaussianity with the non-linear parameter f NL . Summary of our procedure is schematically shown in Figure 5 . The value of |f NL | ∼ 1 induces a similar effect to a few factors of difference in the amplitude of the power spectrum. The negative/positive value of |f NL | of O(1) may reduce/enhance the PBH abundance in several orders of magnitude. The calculation procedure for estimating the PBH abundance shown in this article can be also applied to more general types of primordial non-Gaussianity straightforwardly, once the primordial curvature perturbation is given as a function of the Gaussian variable ζ G . Note added : While preparing the manuscript, we found a paper by Atal, Garriga and Marcos-Caballero [60] , which has some overlap with our work. where ζ 2 = ζ 11 2 + ζ 22 2 + ζ 33 2 and ζ G2 = ζ 11 G2 + ζ 22 G2 + ζ 33 G2 . Here, we adopt a simple criterion for PBH formation δ > δ th at the horizon entry to perform the order-of-magnitude estimation.
The value of δ can be expressed in terms of the Taylor expansion around a certain point:
where we have introduced a new spatial coordinate y to emphasize the difference from the expansion around the peak of ζ. Focusing on the region which will collapse into a PBH, from the inequality δ > δ th , we obtain the following inequality:
where we have defined the renormalized local scale factorā = ae −ζ 0 . Let us apply the inequality (A.7) to a peak of ζ. We introduce the following two variables to characterize the profile around a peak of ζ:
We note that, while we introduce k 2 * for ζ G in the main text because we are interested in the case △ζ G > 0, κ NG can be negative in general. Adoptingā 2 H 2 ∼ |κ| as the horizon entry condition, (A.7) can be rewritten as 
If 1 + 6f NL µ/5 is negative, the sign of µ NG κ NG can be different from µκ. That is, a peak of ζ can be a minimum of ζ G . In order to avoid this situation, we simply assume 3f NL /5 −1/4.
B PBH formation criteria
Here, we briefly review the estimate on the threshold for the formation of PBHs following [31] , introducing the basic perturbation variables used in the main text.
Assuming the spherical symmetry around high peaks, we introduce a compaction function, which represents an excess of the Misner-Sharp mass in the spherical region with the radius r, given by (see [31, 33] for details)
Assuming that C is a smooth function of r, we may find a radius r = r m at which C takes the maximum value C max = C(r m ), and C ′ (r m ) = 0 should be satisfied. From (B.1), C ′ (r m ) = 0 gives the condition for ζ at r = r m as
Then, as a criterion for PBH formation, we consider that PBH is formed when the maximum value of the compaction function is larger than a threshold C th :
In this article, we use C th ≈ 0.267 as a reference value [31, 33] . Finally, let us give the estimate of the PBH mass. Since the PBH mass is given by M = αH −1 /2 with α being a numerical factor, from the horizon entry condition are −ζ = 1/H, the PBH mass M can be expressed as follows:
αar m e −ζ(rm) = M eq k 2 eq r 2 m e −2ζ(rm) , (B.4)
where we have used H ∝ a −2 during radiation dominated era, and M eq = αH −1 eq /2 and k eq = a eq H eq at the matter-radiation equality. The value of the numerical factor α is rather ambiguous, and we set α = 1 as a fiducial value in the main text.
